Non-Markovian description of the Hedvall effect by Seifert, Udo & Dietrich, Siegfried
EUROPHYSICS LE'ITERS 1 March 1987 
Europhys. Lett., 3 (5), pp. 593-600 (1987) 
Non-Markovian Description of the Hedvall Effect (*). 
U. SEIFERT and S. DIETRICH 
SektiMt Physik der UniversiUit Munchen . Theresienstr. 37, D-8000 Munchen 2, 
Federal Republic of Germany 
(received 8 September 1986; accepted in final form 14 November 1986) 
PACS. 64.60. - General studies of phase transitions. 
PACS. 75.40D - Ising and other classical spin models. 
PACS. 82.65. - Surface processes. 
Abstract. - Activated processes at surfaces-like desorption or oxidation---exhibit thennal 
anomalies at phase transitions or the underlying substrate. Inter alia, such singularities in the 
case of a continuous transition are caused by the critical slowing down in the substrate, which 
leads to pronounced memory effects in the viscosity coefficient. Therefore, we apply a non-
Markovian analog of Kramers' classical rate theory. As a result, the anomalies can be expressed 
in tenns of critical exponents associated with the critical surface behaviour. 
1. Introduction. 
If a solid undergoes a second-order phase transition at the temperature T = Too thermally 
activated processes at its surface may exhibit anomalies in their reaction rate r(T). This so-
called Hedvall effect [1, 21 has been discovered in 1934. Meanwhile the experimental 
evidence includes as different processes as catalytic reactions [3, 41, oxidation [&.81, 
SUblimation [91 and desorption [101. Outside the critical region, i.e. for ITI ~ 1 with 
T = (T - T,)IT" the reaction rate follows the usual Arrhenius law r(T) = k exp [ - QlkB TJ. 
For ITI «1, however, either the prefactor k (Hedvall effect I) or the activation energy Q 
(Hedvall effect II) or both become temperature dependent. Consequently, the Arrhenius 
plot tnt" vs. T - 1 shows cusp-like singularities or a break in slope at T, . 
The starting·point for a theoretical understanding of these experimental facts is based on 
the observation, that such thermal singularities can occur only if the activated process is 
coupled to the appropriate order parameter (OP) of the phase transition. This coupling 
shows up in the activation energy Q as well as in the noise driving the process. As a basic 
hypothesis, the latter contribution to the singularity close to T,.originates from that part of 
the noise which stems from the critical OP·fluctuations near the surface. 
Studies along this line of arguments were started by SUHL and co-workers [11·141 about 
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ten years ago. Combining Kramers' theory of activated processes [15] with the Kubo 
fonnalism they expressed the reaction rate in terms of correlation functions describing the 
relevant degrees of freedom of the substrate. The basic assumption of the Kramers 
approach is a clear separation of the time-scales involved. In order to treat the substrate as a 
heat bath its fluctuations must be much faster than a typical reaction time. This condition, 
however, breaks down close to T, due to the critical slowing down. 
We, therefore, employ a generalized Kramers approach, which renounces this limiting 
condition. Our work presented in this letter takes advantsge of studies on non-Markovian 
rate processes [16-18]. We show that in this case the reaction rate is determined by different 
features of the correlation functions compared to the classical Kramers approach. 
Since the reaction takes place at the surface where the critical bebaviour is different from 
that in the bulk, one needs the relevant dynamical correlation functions for systems with 
surfaces. These have recently been evaluated systematically with field-theoretical methods 
of the renonnalization group [19-21]. With these results we find that the singularity of the 
rate is governed by criticalsuiface exponents. This important feature was missed in a recent 
letter by BORMAN et al. [22] who evaluated the Markovian Kramers-Suhl expression by 
treating the substrate within mean-field theory as a pure bulk system. 
In sect. 2 we present the generalized Kramers approach. In particular, we discuss the 
reaction rate for friction with arbitrarily slow-<lecaying memory. In sect. 3 we apply these 
results to a specific model for the Hedvall effect. Our conclusions are summarized in sect. 4. 
2. The generalized Kramers approach. 
Within the Kramers model [15] the activated process is described by the movement of a 
reaction particle in a potential V(z) (fig. 1) along the reaction co-ordinate z. We will describe 
this model for a desorption process in order to bave a clear terminology. In that case the 
reaction particle is the adparticle itself and z corresponds to the co-ordinate perpendicular to 
the surface (z = 0). The metastable stste at z" corresponds to the adsorption well. 
Desorption takes place if the particle is thennally activated through couplings to the 
substrate. It crosses the desorption barrier at ZB escaping to infinity. The reaction rate r is 
determined by considering the flux over the barrier at "B. In our case tbe driving noise is 
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Fig. 1. - Potential energy V(z) of the adparticie. The substrate fills the half-space. > O. z" and '. 
correspond to the adsorption well and the desorption barrier, respectively. 
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correlated within a finite correlation time te which turns out to diverge for T -> Te (see 
below). Therefore, we use a generalized Langevin equation for the moving adparticle of 
mass M [1&-18): 
f(t) + f ds ~(t - 8) Z(8) + M-I a. V = M - I ~(t) . (1) 
• 
Tbe memory effects of the stochastic forces C(t) show up in the friction kernel ~(t). Both 
quantities are connected by the fluctuation-dissipation theorem 
(2) 
. In the case of white noise, i.e. ~(t) = 2~K O'(t), KRAMERS [15) solved the corresponding 
Fokker-Plank equation approximately. He found for the rate r 
r= k exp [- Q1k8 T) , (3a) 
where 
Q = V(tB) - V(z ... ) . (3b) 
The attempt frequency k is given by 
(3c) 
with 
(4) 
and the frequencies w~.s = V"(t ... .s)IM. 
Equation (4) is valid for intermediate and high friction (~K-> WB)' In this case the reaction 
is determined by position diffusion over tB' The fonnallimit ~K->O in eq. (4) leads to the 
attempt frequency k = w ... 127r which corresponds to the value obtained within absolute rate-
theory. For small ~K energy diffusion is the rate determining step. In that case Kramers 
found k = ~K Q1k8 T. 
Near Te, however, the OP-fluctuations in the substrate decay slowly in time. Therefore, 
we need the rate following from the non-Markovian eq. (1) with arbitrary friction kernel 
~(t). Various papers have been concerned with this problem. We refer to them by just 
quoting the remarkably simple approximate solution [1&-18): eqs. (3) are still valid, but with 
A given by the non-Markovian value An" which is the implicit solution of 
(Sa) 
~(A) denotes the Laplace transform of the friction kernel: 
- -~A) = f dtexp [- ).th(l) = ,,-I f dw).().2 + W,)-I r,(w) , (5b) 
• • 
where we introduced the Fourier transform 
~(w) = r dl exp [iwl) .,(1) 
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of the friction kernel ~(I) = ~(- I). Al!. above, this solution is reliable for sufficient high 
friction which guarantees that the reaction dynamiCS is determined by position diffusion 
over ZB. Note that Kramers' result (eq. (4)) is recovered by inserting ~(I) = 2~KO'(I) into 
eqs. (5). 
Before applying eqs. (5) to a specific model for the Hedvall effect, let us discuss the 
consequences of this result in general tenns. Al!. slated in sect. 1 the time dependence of the 
noise we are concerned with is governed by the critical dynamics of the OP. Therefore, the 
correlation time t, diverges by approaching T, : I, = AoITI-" [19]. Z (= 2.01 for a non-
conserved OP) is the dynamical critical exponent and v (=0.63) characterizes the diverging 
correlation length: ~ = ~oITI-·. Ao and ~o are microscopic time- and length-scales. The 
scaling property of the OP-correlation function leads to a scaling law for the long-time 
behaviour of the friction kernel: 
for I»J.", 
for 1<sJ.,,_ 
Since at criticality ~(I) decays like a power law, one has 
fitll,) = 1 - a(tlIJ·· ... , (tlIJ« 1 . 
For short times, the leading temperature dependence of ~ is 
(6a) 
(6b) 
(6c) 
/I., <p and a are determined by the OP-<lynamics (see below). From eqs. (3c), (5), (6) one 
obtains 
k(T) = k(O) + 1<"1<1", (7a) 
where 
x=xnM=VZ min (a, i»>O and k>O. (7b) 
This constitutes our first general result. Within our basic hypothesis (see sect. 1), eqs. (7) 
express the thermal singularity of the attempt frequency k in terms of critical exponents of 
the OP. 
Al!. a limiting case, our theory allows to recover the classical Kramers-Suhl approach as 
applied by BORMAN el 01. [22]. These authors consider the time-scale, on which the 
stochastic forces vary, to be much shorter than that of the deterministic motion of the 
adparticle. Then the friction kernel ~(I) looses its memory ouly retaining its integral 
strength: 
• ~K = J ~(I) dl = ;'(0)12 . 
• 
For fI. > 1, eqs. (3c), (4), (6) yield in eq. (7a) 
(7c) 
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For a very slowly decaying friction kernel, i.e. 0 <FA '" 1, kK (,) '" ,(1--"" vanishes at T,. 
However, as eqs. (7a, b) show, memory effects yield knM(O) > 0 even for 0 <FA '" 1. We want 
to point out that this Markovian description breaks down at To. because the clear separation 
of time-scales is lost due to the critical slowing down. 
3. A model for the magnetically induced Hedvall effect. 
The friction kernel ~(t) and the potential V(z) are the only input entering the expression 
of the rate (eqs. (3), (5». Within the Kramers approach both are phenomenological 
quantities and have to be specified from a microscopic theory. We now consider a crude 
model, which nevertheless is supposed to contain the important features. Our aim is to focus 
on the vicinity of T, and thus to study the deviations of the rate from its noncritical value, 
which is caused by the coupling of the adparticle to the magnetic degrees of freedom of the 
substrate. This leads to consider the following interaction between the spin S of the 
adparticle and the OP s(r', t); s(r', t) denotes the Ising spin density of the magnetic 
moments of the substrate with the easy axis I: 
H",,(z, t) = S·I f dr' J(r' - riser', t) . (8) 
The integration runs over the half-space r' = (x', z > 0), x' denotes the tw()-dimensional 
vector parallel to the surface at z = O. H in, depends on the position r = (0, z) of the 
adparticle. Its motion is confined perpendicular to the surface. 
In lowest-order perturbation theory in J, S is constant and the dynamics of the OP is not 
affected by that of the adparticle. The critical OP-dynamics is governed by its own Langevin 
equation [19-21] 
A(r', t) = - A{)'(OH,los) + (r', t) (9a) 
with Gaussian white noise (f(r', O)f(r", t» = 2)..' O'(r' - r")O'(t). H. is the usual Landau-
Ginzburg Hamiltonian for semi-infinite media with a continuous phase transition: 
H.= f dr' (l(Vs)' + (TI2)s" + (g/4!)s' +t(z)cs") . (9b) 
g> 0 stabilizes H, for ,< O. c > 0 takes into account that the magnetic moments at 
the surface have fewer neighbours. For T .... 0 eqs. (9) give the full description of the 
critical slowing down. Due to eq. (8) this dynamics imposes a time-dependent force 
F(z, t) = - a,H'n'(z, t) on the adparticle which provides the noise and contributes to the 
systematic potential V(z) (see eq. (1». 
In the first step we consider V(z) = Vo(z) + Vin,(z). Vo(z) is that part of the potential 
energy of the adparticle, which originates from the nonmagnetic interaction with the 
substrate. We assume a typical and temperature-independent shape as in fig.!. Specifying 
to a short-range exchange interaction, the magnetic part V intCz) follows from eq. (8) with 
Jr/,z' - z) = f dx' J(r' - r): 
• 
V w(z) = (H",,(z, t» = S·I f dz' Jo(z' - z) (s(z, t» . (lOa) , 
Here and below averages ( ... ) are evaluated according to the stochastic dynamics of 
eqs. (9). The surface induces an inhomogeneous magnetization proftJe (s(z» = m(z). For all z 
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within a Blab of diverging thiclrness ~, the temperature dependence of m(z) is given by 
m(.) <X IT~'. We focus on the so-ealled ordinary transition for which the surface exponent 
P, ~ 0.82 [23). 'Thus 
(lOb) 
'The amplitude Q, may be positive or negative. 'This magnetic contribution to the activation 
energy Q:= (V.(ZB) - V.(z,,» + Qm' varies with temperature and vanishes above T,. 
Since the extrema ZA.B and the curvatures "'''.B are given by the full potential Viz), they 
are slightly changed: 
1'--+ 0-. (11) 
In the second step we determine the friction kernel '1(t) using the fluctuation-<iissipation 
theorem (eq. (2». 'The stochastic forces on the adparticle follow from eq. (8): 
'(z, t)= -a,(Hmt(., t)- Vin,(z». Contrary to the position-independent forces (t) entering 
eqs. (l), (2), in principle this expression does depend on z. However, since the temperature 
dependence of ('(z, 0) '(z', t» is the same for all relevant. and .' [19-21), we may evaluate 
this correlation function at z = z' = O. Since J is short-ranged on the scale of ~ this 
temperature dependence is captured correctly by setting J(T' - r) = J* t(r' - r). With eq. 
(8) this yields for eq. (2) 
'1(t, T) = (MkB T)- ' J02(S ·1)2 y(t, T) . (l2) 
y(t, T) = (a,s«O, z), o)I,_oa, s«o, z), t)I,_o), is the cumulant of the autocorrelation function 
of the normal derivative of the surface spin density. Equation (12) qualifies our hypothesis 
that the noise and hence the friction is determined by critical surface correlation functions. 
Recently, r has been analysed by field-theoretical techniques [20, 21). It fulfills the 
scaling property in eq. (6a) for t» '-0 with I' = 2t9,/vz = 1.30. 
'The singnlar temperature dependence of the static tw()-point correlation function is the 
same for all distances T« ~ and is given by that of the energy density, which corresponds to 
the formal limit T-+ 0 [24). From the occurrence of the critical slowing down we expect the 
corresponding behaviour for the time dependence of the autocorrelation function: Its 
singular temperature dependence is the same for all times t« t, and is also given by that of 
the static energy density, which corresponds here to the formal limit t-+ O. 'Thus the 
exponents 'P and IT (eqs. (6» are expected to be identical. 'This has been confirmed explicitly 
in the bulk [25). For our case, the temperature dependence of y(0, T) has been evaluated in 
ref. [26] for T > 0: 
y(0, T) = y(0, 0)(1- 2«2 - ,,)/(1 - ,,) - T2(2 - ")/,, + 2,2-0/,,(1 - ,,» , 
where" =0.11 is the exponent of the specific heat. 'Thus one has 'P = IT = 1Iv. by means of 
eqs. (6) and ,<x t;1fn. 
Collecting these results, we find for eqs. (7) in our model 
XnM= 1. (13) 
(Strictly speaking for, < 0, X.M = p" through eqs. (3<), (5), (11) ifWA.B -# 0.) Combining eqs. 
(3), (7), (lOb), (l3), we can state our final result for the singularity of the rate in the 
Arrhenius law: 
(l4) 
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Fig. 2. - Arrhenius plot of the rate r(T) for different signs of the amplitude r; .. (t;.. >0: dashed line, 
r;" < 0: solid line) in the case of intennediate and large friction (eq. (14». 
with f;:"'>O, p;:"'=xnM=1 for T>O. For T<O, p;;"=,Bl~O.82 (f;M=-Ql lkBT if 
WA,B = 0). P~M are static critical exponenta. Therefore, these resulta apply also to a 
Heisenberg-like substrate with a slightly different numerical value for ,131 (~0.85). 
For comparison we give the exponents for the Markovian Kramers case 
Pk = PI<: = XK ~ 0.37. This last result corrects the values obtained by BORMAN et al . [22]. 
The Arrhenius plots for the non-Markovian case are sketched in fig. 2 including constant 
noncritical contributions. Depending on the sign of f nM, In T shows a cusp pointing downward 
or a break in slope at T,. 
Besides the ordinary transition considered here, other types of phase transitions can 
occur. At the so-ealled surface and special transition, the magnetic contribution to the 
activation energy for T< T, shows a stronger singularity vanishing as (T, - T) lJ8 and 
(T, - T)o.2.5, respectively [23]. A gadolinium substrate may exhibit such a behaviour [27]. 
4. Summary. 
We presented 8 theory for the Hedvall effect which shows three essential characteristics 
different from previous approaches: 
1) Memory effects require a non-Markovian description. 
2) The relevant critical behaviour of .the substrate is that of its surface. 
3) Fluctuations are completely incorpo""ted using renorma\ized instead of mean-field 
correlation functions. 
We evaluated the singularity of the reaction rate at T,. Below Teo it is caused by the 
temperature-dependent magnetic contribution to the activation energy which vanishes at T, 
as (T, - TJo .•. Above Teo the singularity is determined by that of the attempt frequency 
which turns out to be a linear one. 
A detailed comparison of our results with experimental data is rather difficult, since the 
temperature resolution of these experiments is insufficient in order to extract the exponent 
associated with the singularity. We find a qualitative agreement with, e.g., the desorption 
rate of hydrogen from nickel [101, which is reduced at T = T, in accordance with fig. 2. 
On the contrary, other experiments indicate an enhanced rate at Teo e.g. for the initial 
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oxidation rate of iron [5]. Such a behaviour follows also from the Kramers approach if the 
friction is small and hence energy diffusion is the rate deternrining step. A non-Markovian 
theory for this case has not yet been developed if the memory kernel decays according to a 
power law as it occurs at Te. If one ignores this complication and uses a Markovian 
description, the analysis is completely analogous to the one presented above for the 
intermediate and large friction regime. It yields a cusp pointing upwards with an exponent 
:?,Bl - v% = 0.37. This cusp structure necessarily leads to a minimum in the Arrhenius-plot at 
a temperature T* > Te , which is in accordance with the findings in ref. [5] . 
• • • 
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